We prove that the Wyler completion of the unitary Cauchy space on a given Hausdorff topological monoid consisting of the underlying set of this monoid and of the family of unitary Cauchy filters on it, is a T 2 -topological space and, in the commutative case, an abstract monoid containing the initial one.
Introduction
For an arbitrary Hausdorff topological monoid, the concept of a unitary Cauchy filter (for brevity, we call them C-filters) which was defined in [1] , generalizes the notion of a fundamental sequence of reals. It was proved in [1] that the underlying set X of this monoid X endowed with the family of such filters forms a Cauchy space called a unitary Cauchy space over X. Its convergence structure defines a T 3 1 2 -topology on X which is also said to be unitary.
In this paper, we begin the consideration of unitary completions of this monoid, i.e. such its extensions where all its C-filters converge. We use some principal ideas of the theory of Cauchy spaces but almost do not use its results since stronger statements are true in our case. However, we adduce all necessary definitions to make the paper as self-contained as it is possible.
Each Cauchy space has many completions which have been studied in papers of many authors (see [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] ). The most important of them is perhaps the Wyler completion possessing the universal property over other completions. The proved in [1] existence of the least with respect to inclusion C-filters allows us to simplify its construction and proofs of its properties. In particular, we prove that the Wyler completionX of the unitary Cauchy space over X is a T 2 -topological space, and the function X →X generates a covariant functor from the category of topological monoids and their homomorphisms into the category of T 2 -topological spaces. If X is commutative, thenX is an abstract monoid, and a canonical homeomorphic embedding i of X endowed with its unitary topology intoX is an algebraic embedding. However, the multiplication inX can be discontinuous outside of (i × i)(X × X).
The spaceX possesses the universal property over other extensions of the set X to a topological space where all C-filters on X converge. Therefore, we call it the finest unitary extension of X. Like the unitary topology on X, the topology ofX is mostly rather fine, but all more suitable extensions of X possessing the above property, can be obtained from it by means of topological operations.
The concept of a finest unitary extension
A) We begin this section with a quotation of main definitions and statements of paper [1] .
Let X = (X, m, τ) be a Hausdorff topological monoid with an identity 1. Here m is a multiplication and τ a topology on the set X. In the following, we always shorten m(a, b) to ab. Similarly, we write sometimes X instead of (X, τ) for the underlying space. Definition 1.1. A net S = {xα} α∈A in X is called a C-net (a left, a right C-net) if for each neighborhood U of 1 there exists α 0 ∈ A and for each α ≥ α 0 there exists α ′ 0 ∈ A such that x α ′ ∈ UxαU (x α ′ ∈ xαU, x α ′ ∈ Uxα) for all α ′ ≥ α ′ 0 . Here and in the following, the line on top denotes the topological closure. Later we discuss also the version of this definition without this line. If X is (R + 0 , +) with the usual topology, then C-sequences are exactly all increasing fundamental ones. Definition 1.2. A filter F on X (i.e. in the power set P(X)) is called a C-filter (a left, a right C-filter) on X if the set M U = {x ∈ X : UxU ∈ F} (respectively, L U = {x ∈ X : xU ∈ F}, R U = {x ∈ X : Ux ∈ F}) belongs to F for every neighborhood U of 1.
We
if we wish to show its dependence on F.
It is evident, every left (right) C-net is a C-net. The inclusions L U ⊂ M U and R U ⊂ M U hold for any filter F. Therefore each left (right) C-filter is a C-filter. If X is commutative, then these concepts coincide. As a rule, we only consider C-filters in the following. Left and right C-filters appear sometimes if we discuss properties of left and right translations. All statements proved for C-filters are also true (with obvious changes) for left and right C-filters.
A net S in X is a C-net if and only if the corresponding filter F(S) is a C-filter. A filter F on X is a C-filter if and only if the corresponding net S(F) is a C-net.
for every neighborhood U of 1. We set F 1 ≈ F 2 if both F 1 ≥ F 2 and F 2 ≥ F 1 are true.
By Proposition 1.7 from [1] , ≥ is a quasi-order relation, and ≈ is an equivalence relation on the set of Cfilters. Similar relations for left (right) C-filters are denoted by ≥ L , ≥ R , ≈ L , and ≈ R .
By Corollary 2.4 from [1] , for each C-filter F, there exists a unique equivalent C-filter which properly contains no other C-filter. It is equal to the intersection of all C-filters from the equivalence class of F and is denoted by F lst . Such C-filters are said to be least with respect to inclusion or shorter ⊂-least.
It is proved in [1] (see Theorem 2.5.) that the set X endowed with the collection Σ of all C-filters is a Cauchy space. Recall that a Cauchy space (Y , S) is a couple consisting of a set Y and of a collection S of filters in the power set P(Y) which satisfies the following conditions: 1) For each point y ∈ Y, the ultrafilterẏ consisting of all subsets containing y, belongs to S.
This definition was given by H. H. Keller [3] . It is a generalization of the concept of a uniform space which the notion of a completion still make sense for. The reader can find a detailed exposition of the theory of Cauchy spaces in [6] and [7] .
Each Cauchy space (Y , S) defines a convergence structure q S on Y: a filter F ∈ S q S -converges to a point y ∈ Y iff the filter F∩ẏ belongs to S. The closure operator clq S of this structure is defined by the next condition: for any subset A ⊂ Y and for any point y ∈ Y, y belongs to clq S A iff there exists a filter F ∈ S such that A ∈ F and F q S -converges to y.
By Theorem 3.2 from [1] , for Y = X, S = Σ, this operator defines a T 3 1 2 -topology on X. We call it the unitary one. For any x ∈ X, the filterẋ lst is the neighborhoods filter of x in this topology. If a C-filter F q Σ -converges to some x, then it converges to the same x in the unitary topology. If some filter F on X converges to a point x in the unitary topology, then it is a C-filter on X which q Σ -converges to x. Lemma 1.6. Let A be a subset ofX and A ′ = i −1 (A). Then: 
Hence, we may only consider the intersections which contain an only set of the form
Show now that clq Σ B lies in the interior of A in the unitary topology. It is evident that ∆ V (x) ⊂ A for each x ∈ B. Let z be an arbitrary point from clq Σ (X \ A) and O a neighborhood of 1 in the initial topology τ on
Thus, the interiors of all sets A ∈ F and the closures of all sets B ∈ F (in both these cases, in the unitary topology) form bases of F. It completes the proof. Theorem 1.9. (i) The operator clq˜Σ defines a topology onX. (We call it natural and denote byτ(X) or simply byτ when no confusion seems likely.)
(ii) In the unitary topology on X and the natural topology onX, the map i : X →X is a homeomorphism onto a dense open subspace, and the subspaceX \ i(X) is discrete.
(iii) For anyx ∈X, if a filter G ∈Σ qΣ-converges tox, then it converges tox in the natural topology. If some filter G onX converges in the natural topology, then it belongs toΣ.
(iv) The natural topology is Hausdorff. Proof. (i) Check axioms of the closure operator of a topological space. First, let
andx ∈ clq˜Σ A 1 ∪clq˜Σ A 2 by Lemma 1.6 and since the operator clq Σ defines a topology on X by Theorem 3.2 from [1] .
Check now the axiom (clq˜Σ ) 2 = clq˜Σ . Letx ∈ clq˜Σ clq˜Σ A. Consider two cases. First, letx = i(x). Then
where F is a divergent (in the unitary topology) ⊂-least C-filter on X. We assume [F] ∉ A, otherwise the statement is trivial. By Lemma 1.
By Lemma 1. 
, the filteṙ x lst is generated by all neighborhoods of x in the unitary topology. Then, by statement (ii) of this theorem, the filter i(ẋ lst ) contains all neighborhoods of i(x) in the natural topology onX. Therefore, it is true for G, too.
To 
Now, we return to the proof of Theorem 1.
Hence, G contains all neighborhoods of [F] and converges to [F] in the natural topology.
Prove the second statement from (iii) . For an arbitrary filter G onX, letx belong to lim G in the natural topology. Then G contains all neighborhoods ofx . Ifx = i(x), then G ⊃ i(ẋ lst ) sinceẋ lst is generated by neighborhoods of x in the unitary topology (see The latter filters diverge in the unitary topology since this topology is discrete. As above, we can assume that the setX consists of points of the form (x, 0) corresponding to the filtersẋ with x ∈ R + 0 and of points of the form (x, 1) with x ∈ R + corresponding to the filters Fx. The natural topology is discrete on both these half-lines. By Lemma 1.10, its base at the point (x, 1) consists of the sets (x, 1) ∪ {(y, 0) : x − ϵ < y < x} with 0 < ϵ < x. Remark 1.13. We prove in the next section that the finest unitary extensionX possesses the universal property over other extensions of X to a topological space where all C-filters of X converge. It is clear that the natural topology should mostly be rather fine for that. However, extensions with this property and with more interesting topologies (in particular, being topological monoids) can be obtained fromX by means of suitable topological operations. We do that in the following papers of this series.
Some properties of the finest unitary extension
A) In this section, we will use a few more properties of C-filters.
Let Y be a Hausdorff topological monoid on a set Y and f a continuous identity preserving homomorphism of X into Y. Proposition 2.1.
(ii) Let now f be a dense algebraic and topological embedding and F an arbitrary filter on
Proof. (i) Denote by 1 X and 1 Y the identities of X and of Y, respectively. Let V be an arbitrary neighborhood of 1 Y and U a neighborhood of 1
(For brevity, we denote equally the closure operators in both the monoids since it is always clear which monoid we consider.) Therefore,
In the case
(ii) Let now U be an arbitrary neighborhood of 1 X and V a neighborhood of 1
is true for any x ∈ F and, therefore, f (UxU) = f (UxU) ∩ f (X) ∈ f (F), too. Hence, UxU ∈ F, and x ∈ M U (F) is true for x ∈ F, i.e. F ⊂ M U (F), M U (F) ∈ F, and F is a C-filter on X.
To prove the second statement, denote by W an arbitrary neighborhood of 1 Y such that W ≺ V. F 2 ) ) and UxU ∈ F 2 for any x ∈ F as above. It implies F ⊂ M U (F 2 ), M U (F 2 ) ∈ F 1 , and
It means that there exists a neighborhood
It follows from the proved statement that the function X → (X, Σ) generates a covariant functor from the category of Hausdorff topological monoids and their continuous identity preserving homomorphisms into the category of T 2 Cauchy spaces.
Corollary 2.2. (i) Let X
′ be a submonoid of X and j the corresponding embedding. For an arbitrary C-filter
(ii) Let τ ′ be a finer than τ topology on X such that X ′ = (X, m, τ ′ ) is a Hausdorff topological monoid, too.
Then each C-filter on X ′ is a C-filter on X. Moreover,
(respectively, F 1 ≈ F 2 ) on X for any C-filters F 1 and F 2 on X ′ .
For an arbitrary element a ∈ X, let λa denote the corresponding left translation x → ax of X. Proposition 2.3. For each left C-filter F, λa(F) is also a left C-filter. If F 1 and F 2 are left C-filters with
. A similar statement is true for right C-filters and right translations. Proof. For any x ∈ X and for any neighborhood U of 1, the inclusion xU ∈ F implies axU ⊃ axU ∈ λa(F). 
Corollary 2.5. Let the family {Xs} s∈S be finite and F an arbitrary filter on X. Then:
Proof. i) If F is a C-filter, then all ps(F), s ∈ S, are C-filters by Proposition 2.1. Let now all ps(F), s ∈ S, be Cfilters. For each s ∈ S, take an arbitrary member Fs of ps(F). The set p −1 s (Fs) belongs to F. Therefore,
It follows from the first part of the preceding proposition that this product is a C-filter. Hence, by Proposition 2.2 from [1] , F is a C-filter which is equivalent to
, the considered statement follows immediately from the second part of the preceding proposition. We now turn our attention to the initial monoid X again. Let F 1 , F 2 be filters on X. Denote by F 1 F 2 the filter which is generated by all sets of the form F 1 F 2 with F 1 ∈ F 1 , F 2 ∈ F 2 . It is evident, this operation is associative. It is commutative if X is commutative. Corollary 2.6. Let X be commutative and F 1 , F 2 C-filters on X. Then:
Proof. Denote by f the map (a 1 , a 2 ) → a 1 a 2 : X × X → X. Since X is commutative, this map is a continuous identity preserving homomorphism. Moreover, f (F 1 × F 2 ) = F 1 F 2 , and the statement follows immediately from Propositions 2.1 and 2.4.
If the underlying set X of a given Cauchy space (X, S) is endowed with an associative multiplication and F 1 F 2 ∈ S for any filters F 1 , F 2 from S, then this triplet is called a semigroup Cauchy space (see [9] ). Thus, if X is commutative, then (X, Σ, m) is a semigroup Cauchy space. B) We now prove that the function which assigns to each Hausdorff topological monoid its finest unitary extension, generates a covariant functor from the category of such monoids into the category of T 2 topological spaces.
Let X, Y be Hausdorff topological monoids with the underlying spaces (X, In this particular case, the known construction of the mapg leads to the above mapf . Therefore, according to the previous Remark, the mapf is a Cauchy map between the Cauchy spaces (X,Σ X ) and (Ỹ ,Σ Y ), i.e.f (G) ∈Σ Y whenever G ∈Σ X . It is also not difficult to check immediately. Let now G be an arbitrary filter onX converging in the natural topology. By statement (iii) of Theorem 1.9, it belongs toΣ X . Then the filterf (G) converges in the natural topology onỸ by Proposition 1.4. and Theorem 1.9 (iii) . SinceX andỸ endowed with their natural topologies are Hausdorff spaces (see statement (iv) of Theorem 1.9), it means thatf is continuous in the natural topologies onX andỸ.
The mapf is the unique extension of f with the required properties since each other one coincides with f on the dense subset i X (X) ⊂X.
Check now that P preserves compositions of maps. Let Z be one more Hausdorff topological monoid and g : Y → Z a continuous identity preserving homomorphism. Denote by Z the underlying space, byZ the finest unitary extension of Z and by i Z the corresponding canonical injection. For an arbitraryx = [F] ∈X, let G be the corresponding to P(f )(x) ⊂-least C-filter on Y which is equivalent to f (F). The point P(g) ∘ P(f )(x) corresponds to the ⊂-least C-filter on Z which is equivalent to g(G). The point P(g ∘ f )(x) corresponds to the ⊂-least C-filter on Z which is equivalent to (g ∘ f )(F) = g(f (F)). But these filters coincide since g(G) ≈ g(f (F)) by Proposition 2.1. The proof is complete. C) In this section, we study some algebraic structures onX. Let us first define an actionλa :X l →X l of an arbitrary a ∈ X on the left finest unitary extension. Consider an arbitrary pointx = [F] ∈X l . By Proposition 2.3, the filter λa(F) which is generated by sets of the form aF with F ∈ F, is also a left C-filter. Then the point λa(x) corresponds to the ⊂-least left C-filter which is equivalent to λa(F). An actionρa of a ∈ X on the right finest unitary extensionXr can be defined similarly.
It is evident thatλ ab =λa ∘λ b for any a, b ∈ X. Moreover, i ∘ λa =λa ∘ i. Indeed, by Proposition 2.3 above and Proposition 2.2 from [1] , for any x, a ∈ X, λa(ẋ) ⊂(ax) implies λa(ẋ lst ) ≈ λa(ẋ) ≈(ax). Therefore, λa(i(x)) = (λa(ẋ lst )) lst =(ax) lst = i(λa(x)). Proposition 2.9. For each a ∈ X,λa andρa are continuous maps. (ii) The map i is an isomorphism of the monoid (X, m) onto a submonoid in (X, •). For an arbitrary a ∈ X, the translation of (X, •) about i(a) coincides with the actionλa =ρa of a inX.
(iii) For any continuous (in their initial topologies τ X and τ Y ) identity preserving homomorphism f : X → Y between commutative Hausdorff topological monoids, the mapf :X →Ỹ which was defined in the proof of Proposition 2.7 above, is a homomorphism between abstract monoids (X, •) and (Ỹ , •). (We denote by • the above multiplications in both the setsX andỸ and hope no confusion will arise for the reader because of it.) The function f →f is a covariant functor from the category of commutative Hausdorff topological monoids into the category of commutative abstract monoids. Proof. In this proof, we will denote the identity of X by e.
(i) It follows from the definition of the multiplication of filters that the operation • is commutative and associative. To prove that its neutral element is [ė lst ], observe that the filter Fė contains F for an arbitrary ⊂-least C-filter F. Therefore, Fė lst ≈ Fė ≈ F by Corollary 2.6 and by Proposition 2.2 from [1] . Hence, (Fė lst ) lst = F.
(ii) By the same proposition, the inclusions λa(F) ⊂ȧF andȧẋ ⊂(ax) imply λa(F) ≈ȧF andȧẋ ≈(ax) for any a, x ∈ X and for any C-filter F on X. Hence,λa(x) = i(a) •x for any a ∈ X,x ∈X, and i(ax) = i(a) • i(x) for any a, x ∈ X. The fact that the function f →f preserves identities and compositions of maps, was proved above. The proof is complete. D) Here, we begin to study properties of maps of X into topological spaces taking any C-filter on X into a convergent one. In particular, we prove that any such a map can be uniquely continuous extended to the finest unitary extensionX. For Cauchy maps of T 2 -Cauchy spaces, it was showed in [3] . From now on, we will only consider two-sided C-filters again. Corresponding statements for left and right ones are similar. Definition 2.11. Let X be a Hausdorff topological monoid with an underlying set X, Y a topological space and f : X → Y a map. This map is said to be unitarily quasi-extending if lim f (F) consists of an only point for each C-filter F on X and each point of Y is the limit of such a filter.
This definition implies that f (X) is dense in Y. By Proposition 1.4, Corollary 1.5 and Theorem 1.9, the map i : X →X is unitarily quasi-extending. (ii) For y 1 , y 2 ∈ Y with y 1 ≠ y 2 and an arbitrary filter F on X, if any neighborhood of y 1 contains y 2 , then y 2 ∈ lim F implies y 1 ∈ lim F.
